The purpose of this study was to investigate a numerical method for obtaining input impedances of doublereed instruments--the oboe in particular. To this end, the physical dimensions of an oboe were used to compute its input impedance as a function of frequency for several different fingerings. The numerically computed input impendances of the oboe were compared to experimentally measured curves with good agreement resulting in most cases. The reasons for the observed discrepancies are discussed and suggestions for improving the ageement between the predicted and experimental frequencies are given.
The current work represents an effort to apply numerical methods to the calculation of input impedances for woodwind bores with both losses and arbitrary placement of finger holes. Only conical-bore woodwind instruments are treated, but the method is basically applicable to cylindrical bores or to any combination of cylindrical-and conical-bore sections.
I. RATIONALE FOR THE IMPEDANCE

CALCULATIONS
This section develops the procedure involved in calculating the bore impedance of woodwind instruments, from which normal mode frequencies can be determined. The theory of pressure disturbances in conical tubes is reviewed and used to derive the input impedance of simple lossless conical sections in terms of the impedance at the large end. Then, recent attempts that extend the theory of the bore impedance to take into account the reed impedance are reviewed. Finally, a numerical approach to the calculation of the input impedance of double-reed instruments with losses and finger holes is describedø
A. Normal modes for lossless conical sections
In the double-reed instruments, air contained within a rigid conical tube is set into vibration by a pair of beating reeds whose frequency is determined by the in-column, To obtain a reasonably simple equation for the pressure disturbances within a tube of varying crosssectional area S, the following assumptions are made •0:
(1) The fundamental acoustic equations for small displacements and small particle velocities are applicable; (2) the particle displacement and pressure are everywhere analytic functions of time and space; (3) the walls of the tube are rigid so that there is no transverse particle displacement at the walls; (4) the diameter is small compared to the wavelength of sound to be propagated, which implies that the phase remains approximately constant over every surface perpendicular to the axis of the tube; (5) the pressure varies sinusoidally with a frequency co/2•r; and (6) the cross-sectional area S is proportional to x z, where x is the distance along the axiS, With these assumptions, the funadmental lossless horn equation (in terms of the excess pressure) can be derived • as dzp 2 dp The concept of acoustic impedance has proven useful in treating aeousUcal transmission systems. The input impedance of a conical section (i.e., the impedance at the throat or small end) can be derived in terms of the output impedance of the section (i.e., the impedance at the mouth or large end) and the length and flare of the 
C. Numerical method for impedance calculation
None of the foregoing methods for determining the impedance of a truncated cone are easily applicable to the more general case where the cone does not involve the same flare parameter over its whole length, where losses must be included to achieve reasonable bandwidths, and where the placement and nature of the finger holes must be accounted for quantitatively. However, considerable success in calculating normal mode frequencies for vocal tracts with arbitrary shapes, losses, and side branches has been achieved by representing the tract with a series of short circular lossy cylinders.
•6 This latter approach was adapted here to calculate the input impedances of double-reed instrument bores with a minimal number of approximations.
The conical bore is represented by a series of short circular cylinders as shown in Fig. 2 . As the impedance at one end of a circular cylinder can readily be written in terms of the impedance at the opposite end and the dimensions of the cylinder, a straightforward method of obtaining the input impedance to the bore now presents itself. Let the impedance at the large end of the bore be the radiation impedance at a particular frequency f. This becomes the output impedance from which the input impedance (at the same frequency) is calculated for the first cylinder along the bore. The input impedance for the first cylinder then becomes the output impedance for the second cylinder, and the process is continued until the last cylinder is reached at the reed end of the bore. Whenever a tone hole is encountered, the appropriate impedance (which depends on whether the hole is opened or closed) is added in parallel to the net bore impedance at the center of the tone hole. When the input impedance of the final cylinder is computed, the input impedance of the entire bore is known at one frequency f. By repeating the above process at many different frequencies, a plot of impedance versus frequency may be constructed that represents the frequency dependence of the input impedance function. The cross-sectional areas of the bore and the position, size, and nature of the tone holes are determined by direct measurement and are input as data to a computer program.
At the large end of the tube, the radiation impedance was determined as a function of frequency, using the reaction on a rigid circular piston mounted in an unflanged cylindrical pipe of radius a obtained from expressions for the radiation resistance and reactance given by Beranek.
•s Beranek's expressions converted to the resistive and reactive components of the acoustic impedance of an unflanged cylindrical pipe of radius a are R r =0.25wUp/7rc, X r =0.6133 pw/7ra .
For an oboe, the requirement that ka< 1 insures accurate results for frequencies less than about 3000 Hz.
Valid solutions are assured because 2a/h does not exceed 1.2 for the frequencies of interest in double-reed instruments.
The conical bore of the oboe was approximated by a series of short circular cylinders.
In order that the bandwidths as well as the resonance frequencies be accurately determined, the heat conduction and viscous losses were taken into account. 
in which Z. is the input impedance of section m and Z t is the input impedance of the finger hole.
II. RESULTS OF THE IMPEDANCE CALCULATIONS
This section presents the results of utilizing the impedance method, described in See. I C, to compute numerically the input impedance of oboe bores. A de--scription of the computer program on which all the computations were performed is given first. Then, the validity of the method described in See. IC is shown for simple truncated cones and compared with results predicted by the "exact" equations. Next, the effects of gradually modifying the complexity of the cone {until Starting with the first frequency given in the input data, the program computed the input impedance at frequencies spaced five Hz apart. The air constants for use in the cylindrical section calculations were computed for the temperature assumed. For each frequency the program began at the bell with the radiation impedance and proceeded to calculate the input impedance for each cylindrical section using Eq. {8). When tone holes were included, the calculations were identical, except that when a hole was encountered the section length l' for this cylinder was chosen such that the seetion terminated at the center of the side branch, under the restriction that 1 ' -<l. When the tone hole was open, its radiation impedance was included and the input impedance of the side branch was calculated. If the tone hole was closed, the radiation impedance was taken to be infinite. In either ease, the total impedance at the side branch was then computed by adding in parallel the bore impedance at that point and the impedance of,the tone hole.
When the input impedance to the entire bore had been calculated at a particular frequency, it was added in parallel to the reed cavity impedance, which was computed from Eq. {6). The log magnitude of the impedance is here called the relative impedance level in decibels; it is "relative" because the reference impedance is arbitrary.
It is computed at each desired frequency by 10 log(R •' + X•'), where R and X are respectively the real and imaginary parts of the complex impedance. The impedance level and the frequency at which it was computed were then stored until sufficient data had been accumulated to plot impedance level versus frequency.
B. Validity of the numerical computation of impedance
The method of computing the input impedance of a woodwind bore, developed in Sec. IC assumed that the bore may be approximated by a series of short cylindrical sections. To check the validity of this assumption, a simple truncated cone with no losses and no finger holes was modeled on the computer. As a first approximation to an oboe, the length l was chosen equal to the length of a Strasser oboe with a reed staple in place but without the reed. Also, the diameter of the small end is the optimum section length for the oboe, since use of shorter section gives almost the same results but requires more computation time.
Having determined the optimum section length for the calculations, the simple truncated cone dimensions given in the preceding paragraph were then used to compare the resonance frequencies predicted by IMPED with those predicted by Eqs. (4) caliper, a micrometer, and a meter stick. Dimensions and other details of the finger holes are given in Table IV. The first modification to the simple truncated cone was to represent the bore (with staple) as five conical joints. As can be seen in Table III , the oboe bore consisted of a conical reed staple, two conical joints, and a bell. Since the bell flares somewhat at the end, it was represented as two conical joints. This then gave a total of five joints. The end diameters and the length of each joint were input parameters to the computer program.
The diameter at any distance from the bell was then computed by linear interpolation, under the Representing the bore with five joints, the following changes to the smooth bore were introduced sequentially: (1) The discontinuity between the bore and the staple was included, (2) closed tone holes were included, (3) the reed cavity was added, and (4) the losses were taken into account. The effects of each of these changes can be gauged by considering Table V , where each modification includes all of the previous ones. The discontinuity between the bore and the staple, as discussed earlier, had the effect of raising the normal mode frequencies.
This was because the cross-sectional area in the upper part of the top joint had been decreased.
Adding the closed tone holes (see Table IV For an oboist to achieve a good, clear tone in the low register, it is crucial that the frequencies of two or three impedance peaks lie very near to integral multiples of the played pitch frequency. When a reed is placed on the oboe, the frequencies of peaks beyond the first are lowered slightly. Therefore, on a welldesigned instrument the impedance peaks measured in the above manner should be just the right amount sharp to offset the effect of the reed. By inspecting the impedance curves, we discover that among the top five notes, all are fairly good (having three well-tuned peaks), except that shown in Fig. 11 . This figure shows shows an impedance curve for a relatively bad note (B4) in which the third peak is missingø Figure 7 shows the impedance curve for a particularly bad note (E4) on this oboe; even though the third peak is present, it is, in fact, somewhat flat. Figure 6 gives the plot of a very good note (D4) in which a well-tuned fourth peak makes it louder and brighter than its neighbors. production of a good clear tone that it be closed when C5 is played.
E. Summary and projections
We have shown that the computer program IMPED accurately predicts salient features of the impedance curves of an actual oboe. It may be that the program can be utilized to predict the resulting change to the input impedance when modifications are made to the bore of an oboe with poorly placed resonance peaks. By use of this method, nondestructive experiments could be conducted on an oboe to determine if the peak placement (and consequently the sound) of certain notes could be improved by modifications to selected parts of the bore.
A logical extension of this work would be to attempt to achieve optimum placement and size of the finger holes and optimum variation of internal bore diameter. The optimization of these parameters could be accomplished by using a multivariable search technique program, such as those often used in industrial research. Such parameter optimization, when applied to doublereed instruments, might enable one to construct instruments with more uniform and improved tone quality over the entire playing range.
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